The heat pump model utilizing Dufour effect is proposed, and studied by numerical and theoretical analysis. Numerically, we perform MD simulations of this system and measure the cooling power and the coefficient of performance (COP) as figures of merit. Theoretically, we calculate the cooling power and the COP from the phenomenological equations describing this system by using the linear irreversible thermodynamics and compare the theoretical results with the MD results.
I. INTRODUCTION
The Dufour effect [1] induces the temperature difference from the mole fraction difference in the mixture fluid system as the Peltier effect [2] does from the electric potential difference. Although the Peltier effect is widely applied to various heat pumps, it have not been studied whether an application of the Dufour effect to heat pumps is possible or not. In this paper, we propose a heat pump model utilizing the Dufour effect and study this model by numerical and theoretical analysis.
The Dufour effect is well studied by the experiments [1, [3] [4] [5] [6] [7] and theoretical approaches such as the linear irreversible thermodynamics [8, 9] , the Chapman-Enskog theory [10, 11] , the phenomenology [12] , and other methods [13, 14] . In 1873, L. Dufour mixed the two gases of different molecular-weights and discovered a temperature fall in the higher-molecular-weight gas during the diffusive mixing process [1] . The theory describing this effect was first developed by Chapman and Enskog by applying the kinetic theory to the microscopic analysis of the binary gas mixture [10] , in which the temperature T and the number-densities of molecules n A and n B of the two components A and B are non-uniform in space. They derived that the heat current J Q can be written as
where D ′′ is the Dufour coefficient, κ is the thermal conduction coefficient, k B is the Boltzmann constant, n is the total number-density of all the components, i.e. n = n A + n B , and x A is the mole fraction of the component A defined as x A ≡ n A /n. The result D ′′ < 0 can also be derived from their theory when the molecular weight of the component A is lower than that of the component B (i.e. m A < m B ) in some special cases of the intermolecular potential. This result implies that the heat current tends to flow from A-rich part to B-rich part, which is consistent with the above experiment by Dufour.
The organization of this paper is as follows. We construct a heat pump model utilizing the Dufour effect in Sec. II, and the usefulness of this model as a heat pump is confirmed numerically using the molecular dynamics (MD) simulation [15] in Sec. III. Next, by using the liner irreversible thermodynamics [8] , we theoretically analyze this model in a simple case where the heat pump is driven very slowly and attached to the two heat baths whose temperature difference is zero of small, and compare the theoretical results with the data obtained numerically by the MD simulation in Sec. IV. Finally, we summarize this study in Sec. V.
II. MODEL
The main idea of our model is the following. Since the Dufour effect occurs only during the transient diffusive mixing process, it is difficult to keep the Dufour effect constant like the steady state of the Peltier effect. For this reason, we need a process which separates the components of the mixture, besides the diffusive mixing process. In our model, an external electric field is used for the separation of the mixture.
Consider a gas mixture of the two components A and B, and assume that the molecular weight of the component A is lower than that of B, so that m A < m B . To separate the mixed components into A and B by an electric field, electric charges q A and q B are given to the molecules of A and B, respectively, and we assume q A = −q and q B = q (q > 0) for simplicity. Though the molecules have electric charge, Coulomb interaction between them is ignored throughout the paper. The particle numbers of the components in the system are N A and N B , and other （b） （a） electric field properties of the components A and B such as the particle interaction or the shape of the molecules are assumed to be identical. This gas mixture is contained in the system as schematically depicted in Fig. 1 . The system is a two-dimensional rectangle with the size L x × L y . To pump a heat from the heat bath with a low temperature T c to the heat bath with a high temperature T h , two procedures, (a) separating process and (b) mixing process are alternately repeated. The details of these processes depicted in Fig. 1 are described as follows.
(a) separating process: During this process, the heat bath with T h is attached to the boundary at x = 0, and the insulated wall is placed on the boundary at x = L x . Furthermore, a static external electric filed E x = E(> 0) is applied in the x-direction. After continuing this process for a duration ∆t sep , the system is switched to the mixing process.
(b) mixing process: During this process, the heat baths with T h and T c (T h > T c ) are attached to the boundary at x = 0 and x = L x , respectively, and the electric filed is turned off (E x = 0). After continuing this process for a duration ∆t mix , the system is switched to the separating process.
In the separating process, the components of the gas mixture are separated by the external field E x so that a negative gradient of the mole fraction ∂x A /∂x < 0 is established. The heat energy due to the work done by the external field E x leaks into the heat bath with the temperature T h , and the system approaches the equilibrium state at the temperature T h if the duration ∆t sep is taken sufficiently long. In the mixing process, a diffusive mixing of the components A and B occurs. As seen from Eq. (1) and m A < m B (therefore D ′′ < 0), a heat current flows toward the negative x-direction due to the Dufour effect so that an amount of heat is expected to be pumped from the heat bath with T c to the heat bath with T h .
III. MD SIMULATION OF THE MODEL
A. The simulation model In our simulation model, the time evolution of the system is governed by a Hamiltonian
where p i , r i , m i , q i , and x i denote the momentum, position, mass, electric charge, and x-coordinate of the i-th particle, respectively. U int denoting the interaction potential for the center-to-center distance r of the particles is taken to be a hard Herzian potential [16, 17] ,
where σ is the diameter of the particle, and a constant Y is taken to be Y = 10 5 ǫσ
2 with an energy unit ǫ. The external electric filed E x (t) is defined as E x (t) = E (in the separating process) 0 (in the mixing process) ,
where E is a positive constant.
The periodic boundary condition is imposed in the ydirection. The boundary of the x-direction at x = L x is the elastically reflecting wall in the separating process, and the thermalizing wall [18] with the temperature T c in the mixing process. The boundary at x = 0 is also the thermalizing wall with the temperature T h in both of the processes. If a particle with the mass m collides with the thermalizing wall with the temperature T , its velocity is stochastically changed to a value v = (v x , v y ) according to the distribution functions
where 
FIG. 3. (Color online)
The mole fraction profile xA(x, t) in the separating process (0 < t ≤ 5000), and in the mixing process (5000 < t ≤ 10000), with ∆tsep = ∆tmix = 5000. A curve of t = [t1 : t2] means a profile averaged over the time between t1 ≤ t ≤ t2. Furthermore, the MD data were averaged over 2640 cycles.
which ensure that the temperature of the equilibrium system becomes T .
In the following simulations, we use the scale units as m A ≡ 1,σ ≡ 1,ǫ ≡ 1, q ≡ 1, and k B ≡ 1, which define the units of mass, length, energy, electric charge, and temperature, respectively. The time evolution of the system is performed by the velocity-Verlet scheme [15] with the time resolution δt = 0.0005. From these snapshots, we can confirm that the components A and B are separated by applying the external field E in the separating process and the components are diffusively mixed when the external field is turned off in the mixing process. This result can quantitatively be verified in Fig. 3 which shows an example of the time evolution of the mole fraction profiles x A (x, t) in the mixing process and the separating process. Fig. 4 depicts typical results of the time evolution of the temperature profiles T (x, t) of the system. In the separating process, after the sudden increase of the temperature due to the heat produced from the work done by the external field E x , the heat in the system gradually leaks into the heat bath with T h , and then the system reaches the equilibrium state at the temperature T h . In contrast, in the mixing process, the system reaches a nonequilibrium steady state of heat conduction with a 
FIG. 5. (Color online)
The number-density profiles of the particles n(x, t) in the separating process (0 < t ≤ 5000), and in the mixing process (5000 < t ≤ 10000). A curve of t = [t1 : t2] is drawn following the same rule with Fig. 3 . The solid line denotes the average number-density n = 0.3.
spatially linear temperature profile. Fig. 5 shows the time evolution of the number-density profiles of the particles n(x, t). The peaks of n(x, t) near the boundaries seem to be essentially the same phenomena as the particle adsorption at a hard wall reported in Ref. [19] . We can find from Fig. 5 that the profile n(x, t) in the mixing process instantly reaches the steady profile compared with the mole fraction x A (x, t) in Fig. 3 and the temperature T (x, t) in Fig. 4 . This result is assumed to hold in general for the theoretical analysis in Sec. IV.
In Fig. 6 , we measured the heat currentsQ h (t) flowing from the system into the heat bath with T h andQ c (t) flowing from the heat bath with T c into the system. We can see thatQ h (t) has a peak corresponding to the heat injection due to the external field in the separating process, and the thermal equilibrium state is realized at last. Qc(t) flowing from the heat bath with Tc, andQ h (t) flowing into the heat bath with T h . The system is in separating process when 0 < t ≤ 5000, and in the mixing process when 5000 < t ≤ 10000. The MD data were averaged over 2640 cycles.
through the system. Therefore we can see that a heat pump due to the Dufour effect is realized.
To confirm that our model is surely useful as a heat pump, we measured the cooling powerQ c and the coefficient of performance (COP) ǫ defined aṡ
where τ 0 is the relaxation time for the system to exhibit a steady cyclic state, and τ 1 is chosen so that τ 1 − τ 0 is an integer multiple of the cycle period ∆t mix + ∆t sep .Ẇ in Eq. (8) denotes the average work done by the external field E per unit time. The cooling powerQ c and the COP ǫ should be positive for a useful heat pump. Fig. 7 shows the δT -dependence ofQ c and ǫ, where δT ≡ T h − T c . Consequently, this numerical result implies that our model is useful as a heat pump when the temperature difference δT is sufficiently small and ∆t sep and ∆t mix are suitably chosen.
IV. THEORETICAL ANALYSIS
A. Expressions for the Cooling Power and the COP First, we consider a simple case that the heat baths have the same temperature T 0 (= T h = T c ), and assume that a process is switched to another process after the equilibrium state is realized, which means ∆t sep ≫ τ sep and ∆t mix ≫ τ mix where τ sep and τ mix are the relaxation times of the system to the steady states in the separating process and the mixing process, respectively. To obtain simple expressions for the cooling power and the COP, we assume that the mechanical equilibrium state (see Chap.V-2 in Ref. [8] ) is instantly realized in the mixing process. This assumption means that the system satisfies ∇p = n A F A + n B F B where p is the pressure and F k is the external force on the particles of component k. Therefore, the pressure gradient ∇p vanishes as
in the mixing process where the electric field is turned off. Furthermore, we assume that the number-density profile of the particles n(x, t) in the mixing process reaches the steady profile instantly compared with the mole fraction profile x A (x, t) and the temperature profile T (x, t), which is confirmed to hold in our system from the numerical results in Figs. 3-5. From this assumption n(x, t)
is approximately regarded as
in the mixing process, where N is the total number of particles in the system and V is the volume of the system. From the linear irreversible thermodynamics, when the system is uniform in y-direction and the external field does not exist, the heat current J Q and the diffusion current of the component AJ
where D ′ and D denote the thermal diffusion coefficient and the diffusion coefficient, respectively,μ 
can be derived from the conservation laws of energy and mass (see Chap.XI-7 in Ref. [8] ), respectively. Here, c p is the specific heat at constant pressure per unit volume.
The time evolution equations of x A and T in the mixing process can be derived from Eqs. (13) and (14) by using ∂p/∂x = ∂n/∂x = 0 (Eqs. (9) and (10)), and then can be simplified by neglecting the second-order terms of ∂T /∂x and ∂x A /∂x, as
where
′ , and l 22 ≡ nD. We note that the coefficients l ij depend on the position x and the time t through p, T, x A and n. These time evolution equations are solved under the boundary conditionsJ
Since ∆t sep ≫ τ sep , the initial condition of the mixing process is written as
where x E A (x) denotes the mole fraction profile of the equilibrium state in the end of the separating process with the external field E. Similarly, because of ∆t mix ≫ τ mix , the profiles of the mole fraction x A and the temperature T in the end of the mixing process are written as
where x A ≡ N A /N is the mean mole fraction in the system. The cooling power Eq. (7) is expressed aṡ
where t = 0 is chosen as the beginning of the mixing process after the steady cyclic state is established. By using Eqs. (11) and (12) with the coefficients l ij and the boundary condition Eq. (17), we can obtaiṅ
To obtain the expression for the COP, we write Eq. (8) as
where W E denotes the total work done by the external field E x = E in the separating process. The work W E is written as
where ψ initial E and ψ final E are the potential energies due to the electric field E x = E in the initial and final states, respectively, of the separating process [20] . Using the profiles x A (x) and n(x) of the system, the potential ψ E is given by
Since, in the separating process, the initial profiles of x A (x) and n(x) are x A and n, respectively, and the final profiles are x E A (x) and n E (x), where n E (x) is defined similarly to x E A (x) below Eq. (19), Eq. (24) becomes
where we defined δx
Therefore, by substituting Eq. (26) into Eq. (23), the expression for the COP is written as
B. Approximate Calculation of the Cooling Power and the COP We make two assumptions to calculateQ c and ǫ approximately.
The first assumption is that ∂T /∂x, ∂x A /∂x and E are very small so that the coefficients l ij , c p and n in the time evolution equations Eqs. (15) and (16) approximately depend only on the average values over the system, not on the time and the position. Under this assumption, we write l ij , c p and n as l ij , c p and n, respectively, in the followings. Therefore, we can linearize Eqs. (15) and (16) with the constants l ij , c p and n as
The second assumption is that the mixture can be regarded as an ideal gas when the system is in the equilibrium state. Using the second assumption and the equilibrium statistical mechanics, δn E (x) and δx E A (x) can be calculated as
N A e βEq(
where β ≡ 1/k B T and T = T 0 , and we expanded the equations up to the first order of E. From the assumption of ideal gas, we can obtainμ (28) and (29), we obtain
where l 
The above equation can be integrated with respect to x by substituting δx E A (x) of Eq. (33) into Eq. (35) and using the boundary condition
Therefore, the cooling power is written aṡ
By substituting Eqs. (31), (33) into Eq. (26), and expanding up to the second order of E, the work W E becomes
Consequently, the COP in Eq. (23) is written as
C. Numerical Confirmation
To compare the theoretical results Eqs. (37) and (39) with the numerical data obtained by the MD simulations, the transport coefficients such as D and D ′′ need to be determined. It is convenient to introduce the thermal diffusion ratio k T defined as
because our main results Eqs. (37) and (39) can be rewritten with only k T instead of D and
respectively. k T can approximately be calculated from the Chapman-Enskog theory (see Appendix A). We numerically calculated the two-dimensional expression for k T in the first order approximation as
using the parameters m A = 1, m B = 10, T = 1, x A = x B = 0.5, and Y = 10 5 of the Herzian potential. In the MD simulations in this section, the numbers of particles are changed to N A = N B = 50 so that the number-density of the particles in the system becomes adequately dilute, which is assumed in the ChapmanEnskog theory. The calculation of Eq. (43) is also valid for these new parameters. ∆t sep and ∆t mix are fixed to 10000 and 5000, respectively, so that the assumption of ∆t sep ≫ τ sep and ∆t mix ≫ τ mix is satisfied. All other parameters such as the system size are identical with Sec.
II. Fig. 8 shows the numerical result of the work W E done by the external filed E x = E as varying E, together with the theoretical result Eq. (38). From Fig. 8 , we can see that the MD data deviate from the theoretical curve when 0.07 E. This result implies that the assumption of small E in our theory is not satisfied when 0.07 E and the consequent results of the theory may not be accurate. This is because the number-density in some parts of the mixture becomes high and the mixture deviates from ideal gas when the external field E is large.
The theoretical results of the cooling powerQ c and the COP ǫ in Eqs. (41) and (42) using the value of Eq. (43) are compared with the MD data in Fig. 9 . We can confirm a good agreement between the theory and the MD data in the region E 0.05, but a small discrepancy in the region 0.07 E where the assumption of small E may not be satisfied. Therefore, the validity of our theoretical analysis of the heat pump model is verified.
D. The Case of T h = Tc
Finally, we show that the theoretical analysis in Secs. IV A and IV B can be generalized to the case of T h = T c . We consider the case that the temperature difference of the heat baths δT ≡ T h − T c is very small, and ∆t sep ≫ τ sep and ∆t mix ≫ τ mix are satisfied. The time evolution equations Eqs. (15) and (16) in the mixing process hold even in this case, and we assume that the linear approximation in Eqs. (28) and (29) is also valid. The boundary condition Eq. (17) is unchanged, but Eq. (18) should be changed to
The initial conditions of T (x, t) and x A (x, t) in the mixing process are
respectively. The profiles T (x, t) and x A (x, t) in the end of the mixing process in Eq. (20) become
where T δT (x) and x δT A (x) denote the temperature and the mole fraction profiles, respectively, of the steady heatconduction state in the mixing process when the temperature difference between the heat baths δT exists. In the steady state of the mixing process, the temperature profile T δT (x) is written as
which can be derived from the time evolution equations Eqs. (28) and (29) and the boundary condition Eq. (44). To determine the mole fraction profile x δT A (x), we need an additional assumption, besides the assumptions in Secs. IV A and IV B, that each local subsystems of the mixture can be regarded as equilibrium ideal gas when the system is in the steady state of the mixing process. Using the equation of state of ideal gas, we can write
where p(x) is the pressure profile, n δT (x) denotes the number-density profile of the steady state in the mixing process, and we neglected the terms O(δT 2 ). Using the assumption of the mechanical equilibrium state ∇p = 0 in Sec. IV A and the relation N = Lx 0 L y n δT (x)dx, Eq. (48) can be rewritten as
where T ≡ (T h +T c )/2. When the system is in the steady state, the linear relation Eq. (12) becomes
Thus, from Eq. (47) and the relation
the mole fraction profile x δT A (x) is written as
where we use l 21 = n x A x B D ′ and l 22 = nD.
The cooling powerQ c can be calculated in the same way as in Secs. IV A and IV B, but the condition δT = 0 changes Eq. (35) to
where δx
Since the expression Eq. (22) is valid even in the present case, the cooling power is obtained aṡ
by solving the differential equation Eq. (53) for
In the case of δT = 0, the expression for W E in Eq. (26) becomes
where δn δT (x) ≡ n δT (x) − n. By substituting Eqs. (31), (33), (49) and (52) into Eq. (56), we can obtain
Substituting Eqs. (54) and (57) into Eq. (23), we finally obtain the COP as
Since l ′ 1 > 0, Eq. (58) means that the longer ∆t mix is, the lower ǫ becomes because the heat begins to flow in the reverse direction after a temperature gradient is established due to the temperature difference of the heat baths.
V. SUMMARY
We proposed a heat pump model utilizing the Dufour effect and studied it by using the MD simulation and the linear irreversible thermodynamics. This model consists of the separating process in which the mixture is separated by the external electric field, and the mixing process in which the Dufour effect occurs. Using the MD simulation, we calculated the cooling power and the COP of the model as in Fig. 7 , and numerically confirmed its usefulness as a heat pump. Next, we theoretically calculated the cooling power and the COP as Eqs. (41) and (42), especially in the simplest case of T h = T c , ∆t sep ≫ τ sep and ∆t mix ≫ τ mix , and we confirmed a good agreement between the theoretical and MD results. Furthermore, we showed that it is possible to calculate the cooling power and the COP also in the case of T h = T c .
Finally, we discuss some remaining problems. First, we can find that the COP is only about 0.02% of the Carnot COP at most from Fig. 7, but we have not yet found microscopic conditions to obtain a heat pump model with much higher COP. Second, we have not yet checked the validity of the theoretical results Eqs. (54) and (58) in the case of T h = T c unlike the results Eqs. (41) and (42) in the case of T h = T c . To confirm those results numerically, we need to microscopically calculate the two-dimensional expressions for the thermal conduction coefficient κ and the diffusion coefficient D included in l 11 and l 22 . Third, it is difficult to realize our model experimentally since the Coulomb interaction between particles is ignored. We consider that experiments of our model become more realizable by removing the electric charges of particles and replacing the electric force with the gravity or inertial force such as centrifugal force. 
where R is the solution to
Using the Herzian potential in Eq. (3) as U int (r) above, we can finally obtain Eq. (43) as the first order approximation of k T .
